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1 Introduction

This report pertains to the analysis of balloon instability. It starts, in Section 2,
with a qualitative introduction to the phenomenon for a general cylindrical shell.
Then, before the main problem, the general techniques are introduced in Section 3
with the analysis of the inflation of a spherical shell. Then, in Section 4 the general
cylindrical shell model is defined, simplified and analysed. Then, Section 5 pertains

to the analysis required to find the characteristic pressure values of the inflation.

2 Qualitative explanation

When a cylindrical hyperelastic shell (such as a long party balloon) is inflate by slowly
filling it with air, it can contain sections in two distinct states, one with much larger
strain than the other, while there still is a spatially constant internal pressure. This
section gives a qualitative explanation of the process, through Figure 1, based on [1,
5, 8]. The top row of the figure shows the shape of the balloon for each state, the
middle row the position(s) on the pressure P versus stretch A, relationship derived
later, and the bottom row the pressure P versus volume V' history of the inflationary

process.
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Figure 1: Progression of balloon inflation

In state 1, the internal pressure is above external pressure, and the strain in-
creases (non-linearly but monotonously) with the pressure. Higher pressure, higher
deformation, everywhere.

Each section of the balloon has a specific pressure, defined P,,,., above which the
deformation changes behaviour. Then, depending on how the inflation is carried out,
the deformation proceeds differently. If the inflation process is pressure specified,

then crossing P,,,, would result in a jump in the deformation, directly to the higher



strain at the same pressure. The other option, which we will henceforth assume, is
that an air mass flow rate (i.e. adding 10 g/s of air to the balloon) is specified. Thus
we specify a (time dependent) volume, and measure the pressure and strain.

As the air mass increases, a certain weaker section will have its local P,,,, exceeded
and start deforming much faster than the rest (consider the P versus A, graph of state
2 in Figure 1). This large expansion constitutes an increase in volume, whereby, under
quasi steady-state conditions, the internal pressure drops. This results in only one
section exceeding its P,,., and thus only that section transitions into a second stable
state for that pressure, the bulge has then localized. Note that while there may be
three strains that correspond to a specific pressure, the one with the negative slope
is unstable as any material section will simply ”strain away from it”.

The result, state 3, is a balloon in two distinct, stable phases with a smooth
boundary between them (still with a spatially constant gas pressure). The phase
boundary between these two states is quite complex due to the non-homogeneous
stretch and not considered here. If gas is then added, a low strain section of the
balloon near the phase boundary transforms into a high strain section, effectively
moving the boundary, state 4. Once the entire balloon is in the high strain phase,

homogeneous-strain expansion resumes, shown as state 5.

Deflation The models that we are about to derive, and the explanation above
only cover the inflation of a balloon, not the deflation. It is distinct from simply being

inflation in reverse, for a number of reasons:

1. The material, when deformed to the high-strain state, may undergo non-reversible
physical changes, such as plastic deformation. Even if the changes are reversible,
the deformation process may be different or poorly modelled by the chosen strain

energy function.

2. The path taken on the P versus )\, curve is non-trivial. Decreasing the air mass
from state 5, would bring material sections to the local minimum, from where

it is not directly clear what would happen if the air mass is further decreased.

3 Model for a spherical shell

In this section, we will derive the behaviour of a spherical (as opposed to cylindrical)
shell, as a simplification of the general case qualitatively explained in Section 2, based

on the lectures by Prof. Dominic Vella and the corresponding lecture notes [8, p. 48].
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This will introduce the solving technique and illustrate the effect of the strain energy
function. Due to its symmetry, a spherical shell will not exhibit the low and high
strain phases simultaneously, but we can still recover the P versus \, curve.

The main assumptions made while deriving the model are:

e We consider all transformations to occur under quasi steady-state conditions

such that there is no time dependent behaviour.

e The shell is made of an incompressible, hyperelastic material, then the following
relationship holds: T = J~'F3L — p1, with J = det(F) =1

e The only radial stress on the two boundary surfaces is the pressure.

3.1 Kinematics

Consider the deformation of a spherical shell from its initial state to the current
state shown in Figure 2. This subsection defines the deformation, and finds the

corresponding mapping ¢ — q and deformation gradient.
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Figure 2: Deformation of a spherical balloon

Defining the transformation The deformation is defined such that, for any given
point, only the distance to the origin changes, (3.1). Points in the original configu-
ration are described by Q@ = {R,©,®}, while in the current configuration they are
given in terms of ¢ = {r, 0, p}. These cylindrical coordinates can be transformed into

the Cartesian reference frame using (3.2).



r(R) r(R)
9@Q)= |6(0)| = | © (3.1)
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Finding the deformation gradient Fach coordinate has an associated basis vec-
tor, defined from the Cartesian vector, (3.3), where the h, and Hp are scale factors
as defined in (3.4) [8, p. 17]. The deformation gradient F' then becomes [8, p. 20]:

F = Grad(z(X))
_, Oz
Hﬁ TQB ®E5

ox 0Oq
_ g1 (9% 9Ga
_ <8%8Q6)®E5
= H;' <ha ag@ ) ® Ej
ha 0qa
—e,QF 3.5
H,00; 8- (3.5)

For a spherical coordinate system, the scale factors are:

F =

h,=1=H,, hg =r — He = R, h, =rsin(d) - He = Rsin(©). (3.6)

Then, using these scale factors, the definition of the transform (3.1), and the modified
transformation gradient equation (3.5), we can find it to be :
dr rsin(6)

F = rQF E
dRr® © R+Ree® o Rsin(O)

Then, noting that § = ©, we can write the deformation gradient in matrix form:

ep ® Eg. (3.7)

[F] = r/R : (3.8)



As the diagonal entries of [F'] are the derivatives between corresponding coordinate

vectors of the initial and current configuration, they are called principle stretches.
Let A\, =7'(R), \g =7/R = X.

Explicit deformation Next, we may apply the assumption of an incompressible
material: J = det(F) = 1:

2 3 3 3
, r d (r 9 r R
=1 —(—) = — = . .
r'(R) 7 — dR(S) R — 3 5 + Cy (3.9)

To fix the unknown constant C, we can apply a boundary condition: r(A) = a:

r(AP =a® = A*+3C; — r(R)=Vd - A+ RS, (3.10)

Note that only one BC could be applied (not the one at r(B) = b). Due to the
assumption of incompressibility, the strain on one boundary, » = a in this case, fully

determines the transformation.

3.2 Dynamics

Having an explicit expression for the deformation and the deformation gradient, we

can now look at how this deformation relates to the internal stress in the material.

Cauchy’s first equation of motion The general form of Cauchy’s first equation
of motion [8, p. 30] reduces, under the assumption of no body forces (b = 0), and no
time dependent behaviour (9/0t — 0), to div(T) = 0. To find an expression for T,

we use the following constitutive law, which for the diagonal F' yields:

A dV 1
dW 3 T d\, 5
T=F_ o —pl= Mo v —p 1 . (3.11)
A . 1
Then:

dw dw dw
Ty = \p— — P, Tyo = Ng—v — P, Too = Ap—r — P 3.12
a7 0=y L o= an, (3.12)

where p is an unknown constant (different from the internal pressure P), and all other

entries are 0. Then, div(T") (expanded for spherical coordinates in [3, p 121]), reduces



to:

aTr’r Trr 1

18T99 COt(@)
(zw* T =T) ) eo

1 0T,
+ (rsin(@) %) )e¢.

The entry in the e, direction, noting Ag = A4, then reduces to:

oT, 2
_= L - TT’I‘ - T
0 or + r ( o)

T, 2 AW AW
“or e \"Tdh, Pane )

(Tho + Twp)) €r

(3.13)

(3.14)

Applying symmetry Using the symmetry in the problem, (3.14) can be reduced

to an Ordinary Differential Equation. First we notice that since \g = Ay = A and

J =1, the principal stretches reduce to just one independent variable:

A =12 A=A A=A

Therefore, the strain function, also just depends one on variable, such that we may

define:
h(\) = W(A, = 1/)\2,)\9 =\ s =)

Then we notice that:
dh(N) B dWw

dx  d\
AW d, AW d) . AW A,

Ty AN Dy Ay dhy d

_ a2, div

dA. X3 Td)g
Adh 1N\ dW AW
24X (ﬁ) Ay, Tdrg

which is exactly the term in the brackets in (3.14). Next, we turn to the partial

derivative:

aTrr o aTrr 0 r _ aT?"T 1 -2/
ar X or (R(r)>_ o\ (R rh R)

. oT,, (1 r . 2R_2> B 8TM1—7’/R-(7“2/R2)

ox \R R B3\ R
T, 1N
~ON R

where we applied (3.10).



Solving the ODE With the transformations done above, (3.14) becomes:

o, 1 dn
ON 1 —X3d\

which is an ODE in A for 7,.., necessitating boundary conditions. Consider Figure 3,

(3.15)

by assuming the only applied stress on the boundary is due to the pressure, P, and

remembering t,, = Tn, we find:

—Pn r=r, —-P r=r,
t, = - T, = (3.16)
0 r="7p 0 =7
%

Figure 3: Boundary conditions spherical shell with internal pressure P

Note that the minus sign is because the pressure acts in the direction opposite to
the surface normal, which is consistent with the convention that stress which causes
compression should be negative. Thus we have the known radial stress on the surfaces
of the shell. With that, we may integrate (3.15) to find:

A h/()\)
T (A) = T (A dX
7’7’() TT( b)+/)\b1_)\3

Gy
Tr(Aa) = —P = o+/Ab e
)
P= /A A (3.17)

where A\, = r,/R, and A\, = r,/ Ry. Note that in the last step the order of integration
was reversed, now from the inner to the outer boundary. To make further analytical

progress, we must choose a strain energy function.

Neo-Hookian strain energy function The simplest strain energy function, the
Neo-Hookian, becomes, for this deformation:

Wyn =5 —3) = B2+ 22+ 22 —3) =

> 5 (22X +1/A*=3)=h()). (3.18)

=
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Thus

1 5 N6—1 =N +1)
R'(A) = Z(4X —4X7°) =2 =2 .

0 =40 )= ot = 2
Yielding the final expression for the pressure:

Ab

MoA3 41 1 1

a

where \y(A,) = /1 + A3/B3(\2 — 1), derived from (3.10). Plotting the pressure ver-
sus the stretch A, yields Figure 4. Notice that for a stretch under ~ 2, increasing
pressure increases stretch. However, once the critical pressure is exceeded, the balloon
keeps straining indefinitely. This trend does not change as the equation is always pos-
itive (A, < Ap) and decreasing (negative powers). This is an example of inflationary
instability. This behaviour is due to the choice of strain energy function, and not a

physical phenomenon, contradicting Figure 1.
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Figure 4: Graph of the pressure vs stretch relationship of a spherical shell for a

Neo-Hookian material with R € [1,2]m and shear modulus of 0.6MPa (reasonable

estimation for natural rubber [2]).

Mooney-Rivlin strain energy function As a hopefully more realistic strain en-
ergy function let us now consider Mooney-Rivlin, which becomes:

Wi = %(11—3)+%(12—3) = %(2)\2+1//\4—3)+%(2//\2+/\4—3) = h()\) (3.20)

Then

R(N) =201 (A — A7%) + 20, (N + 17%)
A=)\ +1) (A3 —=1)(A3+1)

= 20) \5 23

+ 262




such that the pressure-strain relationship is:

2 1 1 Aa(20)

Aa
which can once again be plotted, as shown in Figure 5. From the positive gradient for

A > 5, we conclude that this strain energy does not exhibit inflationary instability,

and in fact looks very similar to the expected behaviour from Figure 1.
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Figure 5: Pressure versus stretch relationship of a spherical shell for a Mooney-Rivlin
strain energy function with R € [1,2]m and C; = 0.621MPa and Cy; = 0.054MPa

(reasonable estimation for rubber [6]) The code for generating this and Figure 4 is

provided in Appendix B

Van Gent and Ogden-1 strain energy functions Performing the same analysis

for the van Gent strain energy function

Wep = —=In(1— (I —3)) = —=In (1 - BN + A — 3)) (3.22)
23 20
and the Ogden-1 strain energy function
20 21 _
Woo, =35 (W+ M+ X =3) =5 X4 x ¥ =3). (323)

leads to the following pressure versus stretch relationships:

Ab )\2_'_)\—5
Van Gent : P = —2u /a 1Atz 3))d)\ (3.24)
Ogden1: P =1 / TN (3.25)
& ' - N (1=23)B '
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The computation of these integrals for general (5 is quite complicated and beyond
the scope of this report.

The analysis in this section illustrates how we can describe a deformation (kine-
matics), apply rules such as Cauchy 1 (dynamics), and then find an expression for
the pressure inside a hyperelatic spherical shell. However, then, the selection of a
strain energy function causes the deterministic solution process to break down: there
is no longer a single correct answer. The Neo-Hookian strain energy function, while it
does not exhibit the dual phase behaviour, is applicable for small deformations. The
Mooney Rivlin function is not well suited for strains above 100% [7], for which the
Ogden strain energy function is more appropriate. However, Ogden-N requires more
parameters to be fit to the material. In summary, there is uncertainty regarding the

applicability all of these results that physical tests are best suited to resolve.

4 Model for a cylindrical shell

With the spherical case considered, we now proceed to the (more complicated) cylin-
drical case. Consider a long, circular, incompressible, elastic tube, with a varying
radius along its length. On both ends, flat endcaps are applied, which, while difficult
to apply in practice, are compatible with a uniform axial expansion, just as [4]. This
tube has an internal pressure and an axially applied force. The aim of this derivation
is to find a relationship between the deformation of the tube (in both radial and axial
directions) and the applied force F' and pressure P. We will first describe the general
problem, then analyse a simplified model. The assumptions made in Section 3 for the

spherical shell are also made for this case.

4.1 Kinematics

The initial configuration is described by the cylindrical coordinates Q@ = {R, 9, Z},
and in the current configuration by q = {r, 0, z}, as shown in Figure 6. Each coordi-
nate set has an associated set of basic vectors, (3.3).

To find the gradient of this transformation, F', we first characterize the deforma-
tion. For this, we need the transformation from cartesian to cylindrical coordinates

(4.26), and the relationship between the initial and current configurations (4.27).

11
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Figure 6: Cylindrical shell geometry where F'is the applied axial force and P is the

internal pressure.

X R cos(©) x 1 cos(f)
X = |Y| = | Rsin(©) = |y| = |rsin(f) (4.26)
Z A z z
r r(R,Z)
qQ)=10|=| © (4.27)
z 2(Z2)

Using (4.26) and (3.4) to evaluate the scale factors of (3.5), and (4.27) for the deriva-
tive term, we find:
or

or r dz
F=—e®F —e, R FE — E —e, R FE;. 4.28
3Re ® R—l-aZe & Z+R69® @—i-dZe 2 Dy ( )

The resulting deformation gradient is not diagonal and the presence of a second
(unknown) derivative term, greatly complicates the analysis. Let’s explore simplifying

assumptions.

Thin-walled model We could assume the wall to be so thin (B — A < A) that the
wall becomes a surface with constant thickness, such that r(R, Z) reduces to r(Z2),
which is the simplification made by C. Lestringant and B. Audoly in [5]. However,

we will go a different route.

4.2 Simplified model

If we assume that the deformation is homogeneous along the length of the tube, two

changes happen: 1) r only depends on R (r(R)), and 2) the axial stretch is constant:

12



z = (Z. The first part of this subsection follows [8, p. 52]. This does reduce the
range of applicability of the model: it is not suitable for describing the shape of the

transition between the low and high strain sections.

Kinematics The deformation gradient then simplifies to:

dr(R r
F = d<R)eT®ER+EeQ®E9+§eZ®EZ (4.29)
whereby F' is diagonal. Therefore, the principal stretches are the diagonal entries of
F: ar(R)
r r
AM=—7, ===\ A, =
dR "R ¢

Next, we assumed an isotropic material, which implies:

dr R d [r? R
= — 1 —_— = — _ J— — —
J = Ao, - 15" C - 1R <2) c

Noting that a boundary condition for the transformation is 7(A) = a we can then
solve the ODE:

r2  R? R2 — A2
— = — = 2 R
;= ac tC o R = et T (4.30)

We may then conclude that A\ = r(R)/R, and hence also the deformation, is fully
determined by the initial state (the parameter A) and the parameters \, = a/A and

(. For example, the strain of the outer wall radius, A\, = b/ B, can then be written as:

By e BP-A2 A 1A 1A
Ab‘?‘\/ﬁ* B —\/32 t2 B_%_\/Z+B_2‘C(</\“ b

Dynamics Just as for the spherical shell, we may infer from the diagonal F' that

T is diagonal too, with values:

dw dw dw
) (4.31)

T| = di Trr:/\r__~aT :)\__MaT‘zz:Az__~
[T 1ag( an, D; Loo 9d>\9 p ar. p
The first Cauchy equation [8, p. 30] with no body forces (b = 0) and steady state
(0/0t — 0) reduces to div(T) = 0. For a diagonal T in cylindrical coordinates [3, p

121] this becomes:

0— {WM 1 (4.32)

107,, o7,
-+ —(Trr — ng):| €, + |:— :| €9 —+ |: 1 e,
or r

r Or 0z
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where the e, component is called the balance law. Integrating it yields:

" Ty — Trr
Tolr) = Tola) + [ 22y (4.33)

r

Next, we prescribe the same boundary conditions as for the spherical shell: T,.,.(a) =
—P, T,,(b) = 0, yielding:

b
T _Trr
P= / 0Ty (4.34)

r
which provides the pressure required to achieve a certain stress state. This is one
equation, but as we have two unknowns, we need a second one. It comes from force
equilibrium in the endcaps. This could take the form 7. (z = 0) = Fipp = T%.(2 = h),
but there would be a dependence on r. Therefore, we use an integral condition,

integrating over an annulus from a to b:

b
/ T..(r)27rdr = Fypq = F + Pra? (4.35)

where T..(r) is the axial stress (with unit Pa = N/m?), and Fj,; is the total axial
force, which is the sum of the externally applied force F' and the pressure over the
internal area of the endcap P - ma?. However, for incompressible materials this is not

convenient due to the presence of p in (4.31). Hence we shall transform the integral:

b b
27?/ T,.rdz = 27r/ (T.. — Top + Ty )rdr

Then we use integration by parts for 7,.,., and the balance law (4.32):

b 27b b 2
TTT‘
o / T rdr = 21 [TM : %] _op [Ty,

b
1
= Ty, (0)b*n — Ty (a)a’r — ”/ ~(Tyg = T )rdr

b
= Pa’*m — 7r/ (Too — T, )rdr

Then

b b
21 / (T.. — Ty +Tp)rdr =7 / (2T, — 2T, — (Tyo — T},))rdr + Pa’n

14



which can be combined with (4.35) to find:

b
Fenr / (2T.. — Ty — Typ)rdr (4.36)

which is an equation that yields the externally applied force F' (not to be confused
with the total force Fjq = F + Pra?) required to achieve a certain stress state.
Equations (4.36) and (4.34) form the governing equations of this problem. Filling in
(3.11) yields:

P= [ (DB~ A85) Lar
F = fab (2)\ dw_ ) dW )\9%) rdr

ZdA; TdA,

(4.37)
To make further analytical progress, we must select a strain energy function.

Neo-Hookian strain energy function The most simple strain energy function,
the Neo-Hookian

mw:%%ﬁ+&+ﬁ—$

can be tried. For this strain energy function we find:

dw dw AW
dr, CiAr Ay CiAg d\,

= C1\,

which we may substitute into the pressure equation (4.37) to find:
’ 1
P:/ CLA2 — X2)Ldr
a r
’ 1\ 1
=C N ——]=d
y ( A@) r

=G / (R(Zv - éRg) ar

We can then invert (4.30) to find (R(r))* = A% + ((r* — a?), such that (with help

from Mathematica, commands presented in Appendix A) one can find:

(4.38)

P=c, ﬂAQ—wﬁg__anﬁ ln<A2%_C02__a%)}b

2r3¢? ¢ 2¢

a
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Similarly for F', we may find:

b
F:W/ C 2A§—>\§—Az)rdr

= WCl/a (C — )\2@ — )\2) rdr
b

1 A2 42
=1C) {( CQ) r? — 2—42&( (In(A* + ¢(r* — a*)) — 21n(r)) - (4.39)
Mooney Rivlin strain energy function As we have seen the Neo-Hookian strain
energy function to be unstable for a cylindrical shell, we may suspect that to be the

case for a spherical shell as well. Therefore we try the Mooney-Rivlin strain energy

function:
Wisn = SHOZ 08402 = 3) + 00 + 4202 2202 - 3).
For which
3‘;\[: = O\ + O\ (N + 22) j‘g = C1 Mg + Codg(A\2 + A2)
((K = C1 A\, + Cod (A2 + ))).

Substituting these into (4.37) yields:

b
1
P / (V(C1+ CaX2 + X)) = X(C1 + Co(A + X)) —dr

— /ab {%(OI + ¢ + R(:)Q <_§1 - CQ> } dr

a?¢ — A? -1 ¢ln(r) <1n<A2+£<r2—a2>>r
2

:C—(C1+C2C ) { o +A2—a2C N 2(A% — a?()

(4.40)

a

and

b
F = w/ (202(C1 4+ Co(A2 + X)) — A2(C1 + Co (A2 4+ A2)) — X2(CL + Co(A2 + )))))rdr

a

o - B (o ) - )

% PG @ - 0 (- 20t - 0 () - a4 ¢r? - o))
(4.41)

b

¢

a

which is not very amenable to further analytical analysis. However, since we have
b = r(B;a), we have found explicit expressions for F'(a,() and P(a,(), for both the

Neo-Hookian and Mooney-Rivlin strain energy functions.
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5 Characteristic pressures of the deformation

Now that we have the explicit functions for P and F, let us start looking for the param-
eters of Figure 1, namely P,qp and Pyropagate- Let the force and pressure relationships

be written as

P = fl(av C) F= f2(a7<)' (542)

5.1 Finding P,

P42 is the maximum pressure at which there is a monotonous increase in strain with
pressure, as explained in Section 2. It depends on the material (through C; and Cs),

the initial shape (A and B), and the applied axial force F.

Analytical solution If we consider F' a constant, known input, then we have the

following system of three equations for three unknowns:

0= afl (ap,maan Cp,max)
oa

Pmaa: = fl (a'p,maxa Cp,max)

F = f2(ap,maaxu Cp,ma:c)

where we the solution corresponds to lowest value of apnq.. Under the assump-
tion that it can be solved explicitly, doing so would provide a solution for P,

parametrised by F'.

Numerical solution However, due to the complexity of the equations a numerical
technique seems more appropriate, especially if later analysis indicates that the cho-
sen strain energy function is not appropriate for the problem at hand, and a more
advanced strain energy function is required to fit the data. To find the numerical
solution, we first require the following building block: a 2D root-finding algorithm,
that, for a given (£, a), will find (P, () (though we will not be using () for

g(F,Pag) = (5.43)

F—fa(a,&)] o
P_f2(a’7§> .

Let this algorithm be written as hy(F,a) = P. Then, we apply a maximisation

algorithm on this problem,

max hi(F,a) = Prag, (5.44)

17



yielding the desired result. An initial value of a = A (no deformation), will help
ensure the local maximum is found, see Figure 1. As the functions are well behaved, a
modified Newton-Raphson (modified to use a finite difference scheme to approximate
the derivative(s)) should perform well for a suitable initial guess. As these root-finding
algorithms will be run many times for slightly different inputs, it seems sensible to

use the solution of the previous step as an initial guess for the current one.

5.2 Finding P,

To find the propagation pressure, at which the bulge propagates along the axial
direction, we need the Maxwell condition, which was modified for the propagation
of bulges in cylindrical shells by E. Chater and J.W.H Hutchkinson in [1]. Their

derivation is presented here. To find the pressure P,,,,, we rely on two observations:

1. The change in volume of the balloon, when the transition front moves to engulf
a new section that has unit undeformed volume, is Vp — Viy (where Vy is the
unit volume of the low strain section and Vp for the high strain section) and the
work done hereby is P,..,(Vp — Viy). This work done by the pressure is equal
to the work performed on a unit of undeformed gas as it passes from state U to
D:

Pyrop(Vo — Vi) = AW

2. Let P(V;F) be a function that, for a given internal volume V' (noting V =
1 - ma?) and the total force F, returns the pressure. The isothermal transi-
tion of a unit volume of air takes work AW, which does not depend on the
transition history. In particular, we may calculate AW using purely cylindrical
deformations to connect states U and D. Hence:

Vb
AW = [ P(V)dV

Vu

Combining these two observations, we find the Maxwell condition:

Poro(Viy — Vi) = /V " v (5.45)

We can visually interpret the Maxwell condition as specifying the pressure at which

the areas I and I, as shown in Figure 7, are equal.

18



Figure 7: Visualisation of the Maxwell condition

Analytical solution Before we seek a solution for (5.45), we need to find an ex-
pression for P(V; F'). For this, we may assume unit depth of the section of interest,
then V = 1-7a? such that a = \/V/w. Then, assuming both V and F are known, we

have 2 unknowns (P and ) and a system of 2 equations:

Pprop:fl (CL: \/¥7C>
P (az %c)

which could be solved for P,,,,(V; F). Hereafter we assume F is a known constant
such that we have P,..,(V). Then, we can find Vp and Vi; by solving P(V) = Ppqp,
and setting the lowest value equal to Vi, and the highest value to Vp. Then, with
explicit expressions for Vi, Vp, and P(V'), we should be able to find an explicit

expression for P,

Numerical solution Just as for P,,,;, a numerical solution might end up being
more practical, and hence a solution technique for it is explored here too. We can
numerically find P(V; F) by solving (5.43) for (P,(), and inputs of (a = \/V/7, F).
Then we can find Vi (Px) and Vp(Px) by finding the roots of P(V; F) = Px, and
setting the lowest value to V;; and the highest value to V. Finally, then (5.45) reduces
to a rootfinding problem for hy(Px) = P % -(Vp(Px) — Vi (Px)) — Vo (Py) P(V)dv,

Vu (P*)
whose solution is then F,p.
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6 Conclusion

In this report, we analysed the inflation process of hyperelastic incompressible shells.

We started off by qualitatively explaining the process whereby sections of a hy-
perelastic shell can be in two different states for the same internal pressure, and how
that translates into a complete inflation procedure. Then, we looked at the case of a
spherical shell and found an explicit mapping from stretch A\, = a/A to the pressure
P for different strain energy functions. This showed how the choice of strain energy
function can greatly affect the solution and its validity.

We then proceeded onto the more complicated cylindrical case, which became
feasible after some simplifying assumptions. We again found a direct mapping, from
the deformation state ((,a) to the applied force and pressure (P, F'), which is dual
due to the extra degree of freedom in the deformation (extension along the radial
axis). Finally we outlined how to find P4, and P, both a theoretical analytical
plan and a more feasible numerical technique.

The models and analysis performed in this report provide all the relationships
qualitatitively explained in Figure 1 of Section 2: The pressure P vs strain A\, =
a/A (and similarly internal volume) relationship, the maximum pressure P,,,, below
which there is a monotonous increase in strain for an increase in pressure, and the
propagating pressure P, which is when the bulge propagates towards the low strain

section.

20



References

[1] E. Chater and J. W. Hutchinson. “On the Propagation of Bulges and Buckles”.
In: Journal of Applied Mechanics 51.2 (June 1984), pp. 269-277. 1ssN: 0021-
8936. pOI: 10.1115/1.3167611. eprint: https://asmedigitalcollection.
asme.org/appliedmechanics/article-pdf/51/2/269/5457434/269\_1.pdf.
URL: https://doi.org/10.1115/1.3167611.

[2]  Cure system effect on low temperature dynamic shear modulus of natural rubber.
URL: https://www. thefreelibrary . com/Cure+system+effect+on+low+

temperature+dynamic+shear+modulus+of...-a0111451108.

[3] Piaras Kelly. Mechanics Lecture Notes Part III: Foundations of Continuum Me-
chanics. The University of Auckland, New Zealand. URL: https://pkelO15.
connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/Chapter

1_Vectors_Tensors/Vectors_Tensors_14_Tensor_Calculus.pdf.

[4]  Stelios Kyriakides and Chang Yu-Chung. “The initiation and propagation of a lo-
calized instability in an inflated elastic tube”. In: International Journal of Solids
and Structures 27.9 (1991), pp. 1085-1111. 1sSN: 0020-7683. DOI: https://doi.
org/10.1016/0020-7683(91)90113-T. URL: https://www.sciencedirect.
com/science/article/pii/002076839190113T.

[5] C. Lestringant and B. Audoly. “A diffuse interface model for the analysis of prop-
agating bulges in cylindrical balloons”. In: Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Sciences 474.2218 (2018), p. 20180333.
DOI: 10.1098/rspa.2018.0333. eprint: https://royalsocietypublishing.
org/doi/pdf/10.1098/rspa.2018.0333. URL: https://royalsocietypublishing.
org/doi/abs/10.1098/rspa.2018.0333.

[6] Bob McGinty. Mooney-Rivlin Models. URL: https://www.continuummechanics.

org/mooneyrivlin.html.

[7] Hamza N. Mushin and Alwan M. Hassan. “Hyperelastic Constitutive Modeling
of Rubber and Rubber- Like Materials under Finite Strain”. In: Engineering and
Technology Journal 28.13 (Apr. 2010).

[8] Dominic Vella. Lecture notes of C5.1 Solid Mechanics. 2021.

A Mathematica Notebook

21


https://doi.org/10.1115/1.3167611
https://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/51/2/269/5457434/269\_1.pdf
https://asmedigitalcollection.asme.org/appliedmechanics/article-pdf/51/2/269/5457434/269\_1.pdf
https://doi.org/10.1115/1.3167611
https://www.thefreelibrary.com/Cure+system+effect+on+low+temperature+dynamic+shear+modulus+of...-a0111451108
https://www.thefreelibrary.com/Cure+system+effect+on+low+temperature+dynamic+shear+modulus+of...-a0111451108
https://pkel015.connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/Chapter_1_Vectors_Tensors/Vectors_Tensors_14_Tensor_Calculus.pdf
https://pkel015.connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/Chapter_1_Vectors_Tensors/Vectors_Tensors_14_Tensor_Calculus.pdf
https://pkel015.connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/Chapter_1_Vectors_Tensors/Vectors_Tensors_14_Tensor_Calculus.pdf
https://doi.org/https://doi.org/10.1016/0020-7683(91)90113-T
https://doi.org/https://doi.org/10.1016/0020-7683(91)90113-T
https://www.sciencedirect.com/science/article/pii/002076839190113T
https://www.sciencedirect.com/science/article/pii/002076839190113T
https://doi.org/10.1098/rspa.2018.0333
https://royalsocietypublishing.org/doi/pdf/10.1098/rspa.2018.0333
https://royalsocietypublishing.org/doi/pdf/10.1098/rspa.2018.0333
https://royalsocietypublishing.org/doi/abs/10.1098/rspa.2018.0333
https://royalsocietypublishing.org/doi/abs/10.1098/rspa.2018.0333
https://www.continuummechanics.org/mooneyrivlin.html
https://www.continuummechanics.org/mooneyrivlin.html

Cylindrical Shell - Strain energy
function calculations

Setting up the variables

ni2l:= R[r_] := SqrE[xi*(r*2 - ar2)+ Ar2]
L[r_] := r/R[r]
1z := xi
1r := 1/ (xi =L[r])
1t := L[r]
b := Sqrt[a”2 + (BA2 - Ar2)/x1]

Trr2(cl + c2(lz”2 + 1tr2))
termt := 1t*2(cl + c2(1lz*2 + 1Lr72))
termz := 1z22(cl + c2(lr*2 + 1t"2))

termr @

Neo-Hookian strain energy function

Pressure relationship

n2sl= cl* Integrate[(lt”*2 - r*2)/r, r]

-A2+a2xi  Log[r] Log[A®-a®xi+r?xi]
- +

out[25]1= C1l|- - -
2 r2 xi2 xi 2 xi

Force relationship

ni12:= ¢ Pi Integrate[(21z*2 - lr*2 -1t"2)r, r]
r2 A%?-a?xi)Loglr] (-A%+a?xi)Log[A?-a%xi+r?xi]

out[12]= €I IT|-— + r2 xi? - -
X1 xi? 2 xi?




Mooney Rivlin strain energy function

Pressure relationship

n23:= Integrate[(termt - termr)/r, r]

. . 1 xiLogr]  xi Log[A%-a? xi+r? xi
(-A?+a% xi) (cl+c2 xi?) (- =5 + =80 _ g[z — ]
2r A%-a® x1i 2 (A*-a* xi)
Out[23]=
xi2

Force relationship

n241:= Pi* Integrate[(2 termz - termr - termt)*r, r]

1
outizal= ——7r|r? (€2 +cl xi) (-1 +x1%)+
xi?

1
(A* - a% xi)(-cl+c2 xi%) Log[r]+ — (A* - a® xi) (c1 - c2 xi?) Log[A? - a® x1 + r? xi]
2



V)

B C

ode

import matplotlib.pyplot as plt

import matplotlib

3 import numpy as np

font = {’size’: 16}
matplotlib.rc( ' font’, #xfont)

mu = 0.6
A=1

B =2

c_.1 = 0.621
c.2 = 0.054

5 def pressure_neo_hookian (lambda_a):

lambda_b = (1 + A #% 3 % (lambda_a =x 3 — 1) / B %% 3) *x (1 / 3)

def

single(1):
return —2xmukx(1/1 4+ 1/(4*1%%4))

return single (lambda_a) — single (lambda_b)

def pressure_mooney._rivlin (lambda_a):
lambdab = (1 + A %% 3 * (lambda_a #*%x 3 — 1) / B %% 3) *x (1 / 3)

def

single(1):
return c_1 % (2%lsx(—1) + 0.5%lxx(—4)) + c_-2 * (l*xx(—2) — 2x1)

return single (lambda_b) — single (lambda_a)

3 lambda_arr = np.arange (1, 10, 0.01)

for func
plt.
plt
plt.
plt.
plt

in [pressure_neo_hookian, pressure_mooney_rivlin]:

plot (lambda_arr, func(lambda_arr), linewidth=2)

.ylabel (" Pressure, p [MPa]”)

xlabel (r” Stretch , $\lambda_a$ [—]”)
tight_layout ()

.show ()

plotting_spherical_deformation.py
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